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5. GENERATING FUNCTIONS. BINARY TREES.

To read: [3] Chapter 12.4.

5.1. Binary trees.

Definition 5.1. An inductive definition of a binary tree can be given as follows: a binary tree
either is empty (it has no vertex), or consists of one distinguished vertex called the root, plus
an ordered pair of binary trees called the left subtree and right subtree.

Let b,, denote the number of binary trees with n vertices. Our goal is to find a formula for b,,.
Example. By definition we have by = 1 and there is one empty tree. We have by = 1, by = 2,
bs = 5.

FiGURE 1. Five different binary trees with three vertices.

VAPV G

The inductive definition of a binary tree implies the following recursive formula for b,,:
(3) b, =bobp—1 +b1bp_2+b2by_3+ ...+ by_1bo, n € Z>1.
Let b(x) = > 2, bnx™ be the generating series of the sequence {b,}22,. We find
b(x)% = b2 + (biby + boby)x + (babg + biby + bobo)z? + . ..

The recursive relation 3 implies

1 b 1 1
b()? = by + box + bga® + ... = =(bo + biw + boa® +...) — — = Zb(x) — ~.
X xT T X

Therefore, the generating function b(z) satisfies the quadratic equation
xb(z)? — b(x) + 1.

This equation has two solutions

1++vV1—4x d 1 —+v1—-4x

an )
2x 2x

We observe that the first solution is not bounded around xz = 0 and the second solution is
smooth around xz = 0 tends to 1 as x tends to 0. Consider the second solution

~ 1—+1—4x
b(x) = 5 :

It has Taylor expension around x = 0
~ > ~
b(x) = Z bpx".
n=0

We have computed that by = b(0) = 1. Moreover, the function b(z) satisfies the quadratic
equation

wb(z)? — blz) + 1
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and therefore the sequence {gn}ffzo satisfies the recursive relation (3). Since the sequences satisfy

the same initial conditions by = by and the same recursive relation (3) we conclude that b, = b,

for all n € Z>¢. The generalized binomial theorem implies

VI—dz = 2(4)’f (11{;2) .

This implies b, = 5 (—4)"1(}/2).

Exercise 3. Show that

b 1 2n
" n4+1\n /)
Definition 5.2. The numbers b,, are known by the name Catalan numbers.

Exercise 4. Consider an n X n chessboard:
B

A

Consider the shortest paths from the corner A to the corner B following the edges of the squares

(each of them consists of 2n edges).
(a) How many such paths are there?

(b)* Show that the number of paths that never go below the diagonal (the line AB) is exactly

bn, i.e. the Catalan number. One such path is drawn in the figure.
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